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vertices of G represent certain processes, and the 
edges connect exactly those processes that must be 
active during some overlapping period of time, 
whereas processes not connected by an edge must 
only run during disjoint periods of time. Then it 
could be desirable to allocate times of activity to 
the processes uch that the number of times each 
process has to be started becomes minimal. 
In Section 2 a lower bound for i(G) will be 
proved. Section 3 is devoted to the construction of 
some triangle-free graphs, the interval number of 
which decreases when an arbitrary vertex is de- 
leted. The bound guarantees that the graphs con- 
structed really have the intended interval number. 
In Section 4 an archeological seriation problem 
is mentioned for which a further developed theory 
of m-interval models could probably be useful. 
I. Introduction 
Definition. 
(a) A family ( I i )n=l  of sets with every I i being 
the union of at most m intervals of the real line is 
called an m-interval model of the graph G, if G is 
the intersection graph of (/~)~= 1,
(b) The lowest integer m for which G has an 
m-interval model is called interval number i(G) of 
G, 
(c) If i (G)= m, then G is called an m-interval 
graph, 
(d) If in an m-interval model two intervals from 
1, and 1/intersect, hen it is said that this intersec- 
tion represents the edge v, vj. 
If i (G)= 1, then G belongs to the well-known 
class of interval graphs, cf. [1, p. 171 if; 9, p. 113 
ffl. 
Let 8 denote the maximal valency of the vertices 
of an arbitrary graph G. Then G has a 8-interval 
model. Thus i(G) is well-defined. 
A situation where one might ask for the de- 
termination of i(G) could e.g. arise, when the 
Remark. In this paper the term 'clique' will denote 
a complete induced subgraph that is not contained 
in any other complete subgraph. 
2. A lower bound for the interval number 
Every m for which a graph G has an m-interval 
model is an upper bound for i(G). Simple explicit 
upper bounds for i(G) have been given [2,3]. 
Therefore, it seems useful to prove a lower bound 
for i(G) as well. 
Lemma 1. Given k >i y intervals on the real fine 
Jl . . . .  ,Jk" I f  the intersection of (y + 1) of them is 
always empty, then there are at most (k - ½y)(y - 1) 
pairs ( J~, Jr ) of pairwise intersecting intervals. 
Proof. 
(i) Let us consider the family of intervals 6 ,= 
[i, i + y - 1] where i -- 1 . . . . .  k. Because for every i
and for everyj  >i y J, ~ Ji+j --,0, every set of y + 1 
intervals has an empty intersection. Every interval 
of the first k - )' ones J~ . . . . .  Jk-v intersects with 
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the 3' - 1 intervals J~+l . . . . .  J~+~_l, thus giving (k 
- 7)(3' - 1) pairwise nonempty intersections. The 
intervals Jk - r + 1 . . . . .  Jk intersect pairwise with one 
another, thus giving ½7(3' - 1) intersections. So the 
total sum of intersections i
(k -  3 ' ) (3 ' -  1) + ½y(3 ' -  1) = (k -  ½3')(3'-  1). 
(ii) Let J, = [ai, bi], i=  1 . . . . .  k be intervals as 
described in Lemma 1. Without altering the num- 
ber of pairwise intersections we can achieve that 
a I < . . .  < a k. The intervals J1 . . . . .  Jr can have at 
most ½3'(3'-1) pairwise intersections. Now let 
i > 3'. For every j < i we have J, 6~ 4:,0~ (a , )  
cq J~. a, is an element of at most 3' intervals. So ./, 
can intersect with at most 3' - 1 intervals ~, j < i. 
So all intervals Jr+l . . . . .  Jk can have at most (k - 
' / ) ( ' / -  1) pairwise intersections with intervals hav- 
ing a lower index. So we have at most 
½7( ' / -  1) +(k - ' / ) ( ' / -  1 )= (k -½3' ) (7 -  1) 
pairs of intersecting intervals [] 
Let G be a graph with n vertices, e edges, 
interval number i(G), maximal clique size 3'. Every 
i(G)-interval model of G has at most n.  i (G) 
intervals. Because of Lemma 1, e must fulfil the 
following inequality: 
e <~ (n .  i( G) -½"/ ) (  3"- l )  
e + 13 ' (7 -  1) 
n(3"-1) 
Because i (G)  is an integer, we can replace the 
fraction by the lowest greater integer. Thus we 
have proved: 
Theorem 2. 
i(a) [e 1-)½3'(7 - 1) 1 
An immediate 'by-product' of these considera- 
tions is a result about interval graphs: 
Corollary 3. Let G be an interval graph with k 
vertices and maximal clique size "/. Then G has at 
most (k - ½y)(y - 1) edges. 
2.1. Tightness of the bound 
The bound is tight for complete bipartite graphs 
[10] and for complete multipartite graphs, if the 
two largest sets of the partition of the vertices have 
the same cardinality [11]. An arbitrarily bad per- 
formance of the bound can be achieved by the 
following construction: Let G consist of a com- 
plete graph K,, a complete bipartite graph Kp,q 
and one additional edge connecting these two 
graphs. For instance, for p = q = r = 10 we get the 
bound i (G) >~ 1, but i (G)  = 6. 
In general, the bound will be good, if all edges 
belong to cliques of about the same size. 
3. Critical graphs 
In the present context a graph is called critical, 
if its interval number decreases, when an arbitrary 
vertex is deleted. Lekkerkerker and Boland [6] 
have described all critical graphs of interval num- 
ber two. Trotter and Harary [10] have asked for a 
list of all critical graphs of other interval numbers. 
The intention of this section is to indicate, why 
this seems to be a rather difficult task. For this 
purpose we shall restrict ourselves to constructing 
several critical triangle-free 3-interval graphs. 
Whereas in the case of 2-interval graphs for n = 4, 
5, 6 and n i> 8 there is exactly one critical triangle- 
free graph with n vertices (for n = 7 there are two 
graphs), we shall see here that for 3-interval graphs 
the number of critical triangle-free graphs seems to 
explode for increasing n. 
Griggs [2] has shown that for graphs G with n 
vertices 
holds. Therefore we only have to consider graphs 
with n >~ 8. 
Lemma 4. (a) Let G be a triangle-free graph with 8 
vertices and at most 15 edges. Then i(G) <~ 2. 
(b) Let G be a triangle-free graph with 9vertices 
and at most 17 edges. Then i (G) <~ 2 or K4. 4 is a 
subgraph of  G. 
These assertions are proved by considering all 
numbers that can occur as maximal valencies of a 
vertex of G. A generalization for graphs with more 
than 9 vertices eems possible, but was not carried 
out because of the increasing number of cases that 
have to be considered. 
From Lemma 4(a) we derive that K4. 4 is the 
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only critical triangle-free 3-interval graph with 8 
vertices. 
If the triangle-free graph G with n(>/9)  vertices 
and e = 2n + a edges has a minimal valency of less 
than 3 + a, then G cannot be critical (deleting a 
vertex of minimal valency leaves a graph with 
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Fig. 1. Critical triangle-free 3-interval graphs with not more than 10 vertices (the numbers indicate the vertex degrees). 
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interval number at least 3). For n ~ (9,10,11) we 
thus only have to consider graphs with e = 2n and 
minimal valency 3 or 4 and graphs with e = 2n + 1 
anql minimal valency 4. 
For n = 9 there are 3 graphs with 18 edges and 
none with 19 edges having this property. Their 
vertices have the following sequences of valencies: 
666333333 (=  K6.3) 
555444333 
554444433 
(no other sequence of 9 items with lowest member 
>/3 and sum = 36 belongs to any triangle-free 
graph). These graphs are critical because every 
subgraph as at most 8 vertices and 15 edges. 
For n = 10 there is one triangle-free graph with 
21 edges having the sequence of valencies 
5544444444 
Every triangle-free graph with 10 vertices, 20 edges 
and maximal valency 7 contains g6, 3 as a sub- 
graph. Among the sequences of valencies till pos- 
sible under these restrictions the following ones 
belong to one triangle-free graph each (those 
marked (*) belong to 3 graphs each): 
6654433333 
6644443333 
6554443333 
5555443333 
5554444333 (*)  
5544444433 (*)  
5444444443 
4444444444 
These graphs are critical because g4, 4 is no sub- 
graph of any of them and every one of their 
subgraphs has at most 9 vertices and 17 edges. 
For n = 11 there is one triangle-free graph with 
23 edges having the sequence of valencies 
55444444444 
Again, every graph with 11 vertices, 22 edges and 
maximal valency 8 contains K6, 3 as a subgraph. 
Among the sequences of valencies still possible 
there are 19 sequences belonging to 61 different 
graphs. I have not proved that all of them are 
critical, but even if a few of them would turn out 
to be noncritical, it would still remain the fact that 
going from 8 to 11 vertices the number of critical 
triangle-free 3-interval graphs has increased sig- 
nificantly in the course of every step. Therefore it 
seems, as if for greater numbers of vertices there 
will be even more critical triangle-free graphs. 
4. An archeological seriation problem 
Roberts [9] suggested to use interval graph the- 
ory to deal with the following problem: Around 
1900 the British archeologist F. Petrie discovered a 
graveyard in upper Egypt belonging to an im- 
portant prehistoric ulture. Because of the great 
amount of material found it was a problem for 
him to give a relative seriation of all types of 
pottery used by the people from this culture (for 
more information about the historical background 
see [5]). Roberts proposed to look for an interval 
model of the graph having as vertices the different 
types of pottery and connecting two types by an 
edge, if they were found together in some grave. 
There might be many of these models, but one 
could choose among them a very likely one by 
archeological rguments. This technique becomes 
problematic, if the graph in question is not an 
interval graph. This can occur, if r~ot all pairs of 
pottery with overlapping periods of usage have 
been discovered. As all complete graphs are inter- 
val graphs, one could probably succeed in finding 
a reasonable seriation by adding edges to the 
graph until it has become an interval graph. So, 
besides the necessary attempt to determine interval 
numbers of graphs, the phenomenon of decreasing 
the interval number of a graph by inserting new 
edges seems to deserve further attention. (Theorem 
2 suggests that it might be a useful strategy to let 
every edge be contained in relatively large cliques.) 
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